Let R be a commutative algebra over a eld k. We prove two related results on the simplicity of Lie algebras acting as derivations of R. If D is both a Lie subalgebra and R-submodule of Der k R such that R is D-simple and either char k 6 = 2 or D is not cyclic as an R-module or D(R) = R, then we show that D is simple. This extends a result from 2] so as to include characteristic 2.
a result from 2] so as to include characteristic 2.
If is a Lie subalgebra of Der k R then we show that R k is simple if and only if R is -simple, the action of R k is faithful and, if char k = 2 and dim k = 1, (R) = R. This generalizes the weaker of two forms of a result from 3], where is abelian. However a stronger form, in which the action of R k is replaced by that of R k , does not generalize.
Introduction
Let k be a eld and let R be a commutative, associative k-algebra with identity. We shall discuss possible generalizations of results from 2] and 3]
on the simplicity of Lie algebras of derivations of R. Let Der k R denote the Lie algebra of all k-derivations of R. This has an Rmodule structure given by (r )(s) = r (s) for all r; s 2 R and all 2 Der k R. 
There is a Lie homomorphism : R k ! Der k R given by (r ) = r .
The image (R k ) is both a Lie subalgebra and R-submodule of Der k R. Remark 1. As in 3], there are two conditions which are necessary for R k to be simple. If R k is simple then ker = 0, that is the action of R k on R is faithful. Also, by (2), I k is a proper non-zero ideal of R k for any proper non-zero -ideal I of R, so R is -simple if R k is simple. Our purpose here is to decide whether, in view of Theorem 2, Theorem 1 can be generalized to include characteristic two and whether, in view of Theorem 1, the condition that consists of commuting derivations can be dropped from Theorem 2. We shall see that the answer to the rst question is positive and that, although Passman's Theorem does not generalize in the above form, it does generalize in a weaker form, where the action of R k is replaced by that of R k .
Results
In the remainder of the paper, D will denote a Lie subalgebra of Der k R such that D is also an R-submodule.
De nition 1. Let 
By (3) and (4) Theorem 6. Let be a non-zero Lie algebra of k-derivations of R. Then R k is simple if and only if R is -simple, the action of R k on R is faithful and, if char k = 2 and dim k = 1, (R) = R. Proof. Suppose and that R is -simple, the action of R k on R is faithful and, if char k = 2 and dim k = 1, (R) = R. Then, as the action is faithful, R k ' R , which is simple by Theorem 5. Conversely, suppose that R k is simple. We have already observed in Remark 1 that R issimple and the action of R k on R is faithful. By Theorem 2, if char k = 2 and dim k = 1 then (R) = R. Example 2. Several examples are discussed in 2] and 3]. As observed in both these papers, the most obvious situation where R is D-simple is where R is a eld extension of k. We give here one example not covered by the results of those papers. Thus char k = 2 and D is not generated by commuting derivations.
Let k be a eld of characteristic 2 and let R be the eld k(x 1 ; x 2 ). Let D = R + R , where = d=dx 1 + d=dx 2 and = x 1 d=dx 1 + x 2 d=dx 2 . By (1), ; ] = so D is a Lie subalgebra and R-submodule of Der k R. It is not cyclic, so by Theorem 4, D is simple.
